Abstract. Classes of infinitely divisible distributions obtained by iteration of Gaussian randomization of Levy measures are introduced and studied.
Introduction
In our previous paper [MR00] , we studied the class of type G distributions on defined in the following way. A symmetric infinitely divisible probability distribution ¡JL on R d is of type G if its Levy measure v is of the form ( 
1.1) u(A) = E[u0(Z^A)], A € B0(R d ),
where i/o is a Borel measure on R d \ {0}, Z is the standard normal random variable, and BQ ) is the class of all Borel sets A in R d such that A c {|i| > e} for some e > 0. Such kind of distributions combine Gaussian and Poissonian structures in a nontrivial way (see Section 5 in [MR00] In Section 2, we define the classes TG m (R d ) , m> 1, and show that they form a strictly descending sequence. In Section 3, we compare our nested subclasses of TGo (R d ) and those of the class Lo(R d ) of selfdecomposable distributions introduced and studied by Urbanik [U72] , [U73] and Sato [S80] . A necessary and sufficient condition for a type G distribution on M 1 to be selfdecomposable was given in [R91] . We generalize this result to R d and give an answer to the converse question: When is a symmetric selfdecomposable distribution of type G? We also study related problems.
Every distribution /x € TG m (R d ) has its predecessor fio € TG m _i(R d ), as defined in Section 2. In Section 4, we study the relationship between /j, and ¡j,q along the following lines : If n belongs to a certain class of distributions, then does /¿o belong to the same class? The answers are obtained for some important classes in Theorem 4.1. Section 5 contains some examples and Section 6 discusses open problems.
We conclude the introduction by stating a basic characterization theorem for type G distributions on R d , which has been proved in [MROO] , and will also be needed later in this paper. 
THEOREM A ([MROO]

Subclasses of the class of type G distributions
In the following, if /x is infinitely divisible, we denote its Levy measure by v{n).
We first rewrite the definition of type G distribution. In the definition (1.1), Vq is a Borel measure but since v is a Levy measure, Vq is also a Levy measure (see Proposition 2.2 (i)-(ii) in [MROO] or Proposition 2 in [J90] ). Moreover, u 0 in (1.1) always can and will be taken symmetric. For any fio 6 I(R d ), define K(/j,o) as the symmetric infinitely divisible distribution /x having the same Gaussian component as ¡jlq and Levy measure v given by (1.1) with vq = vo(po). The symmetric distribution /xo will be called the predecessor of n (relative to the operation K). The predecessor is uniquely defined. Indeed, suppose that /u. has two predecessors ¡jl\ and ¡12• Then v satisfies (1.1) with vq -fi(ni) and vq -1^2(^2)-By Proposition 2.2 (iii) in [MROO] ui = 1/2, and since fii and /i2 have the same Gaussian part, -We have just shown that the operation K is one-to-one. If we write Define for 1 < m < 00,
and 00
Proof. By the definition,
for some 0 < m < 00. 
is invariant under the operation K. We thus have, for each m > 0,
where K m is the mth iteration of K. 
, since the existence of nontype G infinitely divisible distribution is assured by Theorem A. Since the operation K is one-to-one we have
We next show that
If there exists an mo such that
which contradicts (2.1). 
Finally the fact that
and hence Hence /i has the predecessor /¿ 0 in every class TG m _i(R d ). Since the predecessor is uniquely defined,
and hence m 6 ^(rGoo^)). We thus conclude that
We next show that TGoo(R d ) is the largest class among such classes.
Suppose that H(C I(R d ))
satisfies that K(H) = H. As before, for each
and thus 
Proof. Let {^(i)} be a Levy process such that V(l) = V, {Z(t)} the standard Brownian motion independent of {V(i)}, and X(t) = Z(V(t)). X(t) is
a subordination, and X(l) = X. The Levy measure of the subordination is given by 00 v{A) = $ P{Z{t) e A} P (dt), 0 (see [Z58] ). Hence 00 v(A) = j P{t^2Z e A}p{dt) 0 00
Here if we put
2 ), then we have
Note that po is a symmetric measure. On the other hand,
Hence, from the uniqueness of VQ determined by v among symmetric measures, it follows that po = uq, namely,
The proof is completed.
•
We thus have the following equivalence from the definition of TGm(IR ii ).
THEOREM 2.5. Let m = 1,2, -Then the following are equivalent:
(i) p e TGmiR 1 ).
(ii) The symmetric measure VQ determined by 
where p is the characteristic function of p.
and L m (R d ), m = 1,2,..., are defined inductively as
and
Then it was shown that 
Then a natural question is to compare two sequences. The following is due to Sato [S80] .
THEOREM B ([S80]). A probability measure /X 6 /(K D ) is self decomposable, namely in Lo(R d ) if and only if its Levy measure v is either zero or represented as v(EB) = J A(dx) j ^^dr for E e JB(R+), b € B(S) B E T where X is a probability measure on S and k x (r) is, for any fixed x, a nonnegative nonincreasing right-continuous function of r satisfying °\(lAr 2 )^-dr = ce(0,oo) o r with c independent of x, and for any r, k x (r) is a measurable function of x. This representation is unique in the sense that, if v ^ 0 and two pairs (A, k x ) and (A, k x ) both satisfy the above conditions, then A = A and k x = k x for X-a.e. x.
A question when a given type G distribution on R 1 is selfdecomposable was answered in [R91] , namely, a type G distribution is selfdecomposable if and only if x 1 / 2^x (r) is nonincreasing with respect to r on (0, oo). The proof in [R91] did not use Theorem B, but once we have Theorems A and B, we can relate selfdecomposable and type G distributions in R d using spectral forms of their Levy measures (which are unique). for A-a.e. x. The theorem follows from (3.1).
• m = 1,2 This completes the proof of Theorem 2.2.
Sato [S80] also gave a necessary and sufficient condition for ¡JL E LM (K ),
Some invariant properties of type G distributions
The first two statements, (i) and (ii) of Theorem 4.1, give examples of invariant properties under the operation K. (iii) and (iv) show that selfdecomposability of K{no) is inherited from its predecessor fio but is not a K-invariant property (see Section 2 for the definition of K). where t M = ¿r(logi) fe M fe , for t > 0 and a matrix M. Then we have
concluding that fi is operator stable. The "only if' part. If /z is operator stable with some exponent M, then its Levy measure V satisfies the relation in Then obviously, v satisfies (4.2) for the same r and a, which assures the semi-stability of p. The "if' part can be shown as in the second half part of the proof of (i).
(iii) Since po is selfdecomposable, we have for each a G (0,1),
where is a Levy measure. Thus the Levy measure i/ of p satisfies
where v a is another Levy measure. This implies the selfdecomposability of fi. Rd 0 A direct verification shows that (4.5) is the Levy measure of some selfdecomposable distribution. In fact, it follows from [JV83] or by a reformulation in [SY84] of a theorem due to Urbanik [U69] , that every Levy measure of a selfdecomposable distribution can be written in the form (4.5) with p having the logarithmic moment. On the other hand, Sato [S98] showed that vo is 
Thus the infinitely divisible probability measure, whose Levy measure is u in (4.5), is of type G and satisfies our requirements in the statement (iv). This completes the proof of (iv).
• Related to Theorem 4.1 (iv), we want to know under what conditions in addition to the selfdecomposability of P,, ¡JLQ is selfdecomposable. To answer this question, we first prove the following. Note that if
K(Q(H)) = Q(K(H)).
Proof. We first show that K(Q(H)) C Q{K(H)). Suppose 6 K(Q(H)).
Then its Levy measure v is represented as in (1.1), and its predecessor /io satisfies that for each a 6 (0,1), there exists p a 6 H such that fio(d) =
LIO(A9)PQ(0).
Thus the respective Levy measures U 0 and I/Q of ¡JLQ and pg satisfy
Hence we have
implying that
where T] a E f(R d ) is the probability distribution with Levy measure £ a and tf e K(H). This concludes that /x € Q(K{H)). Therefore, the following two statements are equivalent:
We next show that Q{K{H)) C K(Q(H)). Suppose /t € Q(K(H)
(i) n is selfdecomposable such that for any a G (0,1), p(6) = p,(a9)p a (0), where p a is of type G.
(ii) p, is of type and its predecessor po is selfdecomposable. This equivalence concludes the statement of the theorem.
Some examples
Here we give simple examples of p 6 TG m (R 1 ), m = 0,1. We start with a lemma due to [ShSr77] . 
